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Abstract 

■S: 

Q_i' We investigate chiral anomaly for fermions in the fundamental representation 

<D ' 

on noncommutative (fuzzy) 2-sphere. In spite that this system is realized by finite 



dimensional matrices and no regularization is necessary for either UV or IR, we 



can reproduce the correct chiral anomaly which is consistent with the calculations 
done in flat noncommutative space. Like the flat case, there are ambiguities to 
define chiral currents. We define chiral currents in a gauge-invariant way and a 
gauge-covariant way, and show that the corresponding anomalous chiral Ward- 
Takahashi identities take different forms. The Ward-Takahashi identity for the 
gauge-invariant current contains explicit nonlocality while that for the covariant 
one is given by a local expression. 
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1 Introduction 



Noncommutative field theory has attracted much interest recently since it was 
realized that noncommutative geometry appears naturally from string theory in 
background ! . Furthermore noncommutative geometry can appear as natu- 
ral background space-time in matrix mo dels 013111 that have been proposed as a 
nonperturbative formulaion of superstring theory. Various novel properties |5j, 
such as gravity-like induced interactions between objects in noncommutative 
space, open Wilson lines, UV/IR duality, bi- locality and background indepen- 
dence, demonstrate that Yang-Mills theory in noncommutative space-time may 
be more appropriately interpreted as a stringy theory than an ordinary local field 
theory. Since noncommutative field theories can be formulated as matrix models, 
these novel properties support fundamentality of matrix models as a constructive 
formulation of superstring[6j. 

Anomalies of noncommutative gauge theories have also been studied exten- 
sively [7j-[2ni and two related features peculiar to noncommutative field theories 
were found. They are ambiguities to define currents and IR singularity in non- 
planar diagrams. If the fermions are in the fundamental representation, we can 
define the following two different types of chiral currents in noncommutative flat 
space, corresponding to different definitions of local chiral transformations: 



Since the fermions transform as ip — > Utfj under gauge transformation, the first 
current transforms covariantly — > UJ'^U' while the second one invariantly. 

The covariant current is shown to satisfy a natural noncommutative general- 
ization of the anomalous Ward-Takahashi(WT) identity (in d=4) 
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where an ordinary product is replaced by a noncommutative star product, and 
D^M = d^M — ig[a,n,M] is the covariant derivative for adjoint representations. 
It can be calculated diagrammatically, by point splitting regularization, or by 
Fujikawa's method in path integrals. Only planar diagrams contribute in the 
diagrammatic calculation to the anomaly in the r.h.s. Both sides in the above 
equation transform as adjoint representations under gauge transformation. 

On the contrary, the gauge invariant current J' is invariant under gauge 
transformation and the l.h.s. of the WT identity should be d^J' ^ which is also 
gauge invariant. Since there are no local gauge invariant quantities constructed 
from gauge fields in noncommutative field theories, the r.h.s. cannot be expressed 
locally JU]- The authors in ref.jH] obtained a nonlocal expression for the r.h.s. by 
calculating nonplanar diagrams. It vanishes if we fix the external momenta finite 
(k9 7^ 0) and set the regularization cutoff A infinity. This result was confirmed in 
refs. |f 1| IT2"]. On the other hand, if the external momenta is taken to zero before 
the cutoff A is taken to infinity, a finite anomaly term arises due to IR singularity. 
The final result can be written by using a generalized star product, *'[9J. 

As we mentioned at the beginning, a noncommutative field theory can be 
formulated as a matrix model and if we consider a compact space, the system 
can be formulated in terms of finite dimensional matrices. One of the simplest 
examples is a noncommutative 2-sphere (fuzzy 2-sphere). Since wave functions 
on fuzzy 2-sphere can be expanded in terms of noncommutative analogs of the 
spherical harmonics, which are constructed from a finite dimensional representa- 
tion of SU(2) algebra, field theory on it is formulated as a matrix model of finite 
size. 

In this paper, we consider fermions in the fundamental representation for 
gauge group on the above mentioned fuzzy 2-sphere and investigate their chi- 
ral properties, in particular, calculate chiral anomaly. Chiral anomaly on the 
fuzzy 2-sphere has been examined in papers [2B 122 123] from various different 
approaches. In ref.j2I], chiral anomaly was discussed as a Jacobian term of the 
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fermion measure under a chiral transformation. In ref.[22j, it was discussed, along 
with topologically nontrivial field configurations, based on algebraic K-theory. 
The model considered in ref.j^S] is similar to ours but their treatment is not com- 
pletely satisfactory. In this paper, we make every step of calculations well-defined 
without introducing any regularizations or approximations, and clarify the dis- 
tinction between the WT identities for a covariant and an invariant current. Our 
results are summarized in eq. ()4.44p and eq. ()4.60|) . 

In the system we consider, everything is finite dimensional and no regular- 
ization is necessary. If both of the action and the measure were invariant under 
a noncommutative chiral transformation on fuzzy 2-sphere, we could not obtain 
the correct anomalous WT identity for chiral currents. However, as we show in 
this paper, a Dirac operator on fuzzy 2-sphere is no longer anti-commutable with 
a chirality operator at finite N (N is the dimension of matrices) and a careful 
treatment of the 1/N correction will lead to the correct form of anomalous WT 
identity for chiral currents. In this sense, the chiral anomaly arises in a similar 
way to the case of the Wilson fermion in the lattice gauge theory |2*4"]. In the case 
of Wilson fermion, the Wilson term which is introduced in the action to remove 
doublers violates chiral invariance of the action. On the contrary, a natural Dirac 
operator on fuzzy 2-sphere does not have the doubling problem and we do not 
need to add an extra term in the action to remove doublers. Nevertheless, an 
anti-commutator of the Dirac operator and a natural generalization of the chi- 
rality operator acquires an 1/iV correction and this leads to the correct chiral 
anomaly. We know the no-go theorem about chiral-invariant Dirac operators in 
lattice gauge theories|2S]- We hope to have some analogous no-go theorem in 
theories on noncommutative space as well. 

Like the flat noncommutative space, there are ambiguities for definitions of 
chiral currents, depending on definitions of chiral transformations. We define a 
gauge-invariant current and a gauge- covariant current. The covariant current is 
shown to satisfy a local anomalous WT identity ()4.60|) while the invariant current 
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satisfies nonlocal one (|4.44|) . These results are consistent with the previous results 
on anomaly in flat space. 

The organization of the paper is as follows. In section 2, we explain briefly how 
to formulate noncommutative gauge theory on fuzzy 2-sphere as a matrix model 
of finite size. We also show the spectrum of free Dirac operator and its eigen- 
functions. In section 3, we introduce two different limits, a commutative limit 
and a flat limit. Section 4 is the main part of the paper. There we define two dif- 
ferent types of chiral transformations and calculate anomalous WT identities for 
the corresponding chiral currents. We calculate anomaly for the gauge invariant 
current in subsection 4.1, and then for the gauge covariant current in subsection 
4.2. Using various useful identities in appendices, we can calculate anomalies for 
both cases. Their local forms look very different. We also consider a commutative 
and flat limit. Section 5 is devoted to discussions. In appendices 6.1 and 6.2, we 
summarize various useful identities which are used in the calculation of the WT 
identity. In appendix 6.3, we review the calculation of anomaly for the theory on 
the commutative 2-sphere in order to compare with the noncommutative result. 
In appendix 6.4 some detailed calculations are shown. 

2 Dirac Operator on Fuzzy 2-Sphere 

2.1 Matrix Construction of Fuzzy 2-Sphere 

In order to define noncommutative geometry, Connes proposed to generalize or- 
dinary commutative wave functions to noncommutative ones, instead of making 
the geometry itself noncommutative. In the case of noncommutative (fuzzy) 
2-sphere, we first make the coordinates noncommutative by using a (2L + 1)- 
dimensional representation of the angular momentum operators Li which satisfy 
[Li, Lj] = ieijkLk and (Li) 2 = L(L + 1). We then introduce noncommutative 
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coordinates on fuzzy 2-sphere by 

Xi = aLi. (2.1) 

They are noncommutative as 

[xi,Xj] = iae ijk x k , (2.2) 

and form a sphere with a radius p as, 

( Xi ) 2 = a 2 L(L + 1) = p 2 . (2.3) 

Thus, a gives the noncommutative scale on fuzzy 2-sphere, and the radius is 
related to a and L by the relation p = ^Ja 2 L(L + 1). 

Wave functions on fuzzy 2-sphere can be expanded in terms of noncommuta- 
tive analogs of the spherical harmonics which can be constructed from the above 
noncommutative coordinates. Similarly to the commutative spherical harmonics, 
products of be decomposed into irreducible representations of 5*0(3). They 

are traceless symmetric products of Xj. Since the noncommutative coordinates 
Xi are (2L + l)-dimensional matrices, the noncommutative spherical functions 
are also matrices of the same size. In the fuzzy sphere, there is an upper bound 
for the angular momentum / of the noncommutative spherical harmonics Y^ m ; 
I < 2L. Any hermitian matrix M can be expanded in terms of Y\^ m as 

2L i 

M = J2J2 m ^Yi, m - (2.4) 

1=0 m=-l 

The total number of the basis wave functions is ^j= (2l + 1) = (2L + l) 2 and 
gives the number of independent basis of (2L+l)-dimensional hermitian matrices. 
Some basic properties of Y^ m are summarized in appendix 6.1. In the following, 
we omit the hat from Y^ m unless there is any confusion with the commutative 
spherical harmonics. 

A noncommutative field theory on the fuzzy sphere can be formulated as 
a matrix model by expanding fields in terms of the noncommutative spherical 
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harmonics as above. A hermitian matrix M is mapped to an ordinary function 
on 2-sphere with the same coefficient m^ m as 

2L i 

M ^ M(tt) =J2Y1 ™i,mYi, m {n), (2.5) 

1=0 m=-l 

where Y^ m (Vt) are ordinary spherical harmonics. Due to the noncommutativity 
of the coordinates, a product of two matrices is mapped to the so-called star- 
product of functions on 2-sphere. Derivatives on the fuzzy 2-sphere are expressed 
by taking a commutator with the SU(2) generator 

L t M = [Li, M] = [L\ - Lf)M <-> £<M(fi) = -ie ijkXj d k M{n). (2.6) 

Here we have introduced a notation L\ and Lf. The superscript L or R means 
that the operator acts on matrices by left or right multiplication. The superscript 
L is often omitted in the following when there is no confusion. An integral over 
2-sphere is replaced by taking trace over matrices 

1 f dtt f . . 

-Tr <-►/—=/ . (2.7) 



2L + 1 / 4tt 



n 



More detailed relation between noncommutative field theories on the fuzzy 2- 
sphere and matrix models is given in ref . [2E] . 

2.2 Dirac Operator 

An action for Dirac fermion on fuzzy 2-sphere is given by 



a 

2? 

D = <7i(£i + pat) + 1, (2.9) 



Sg* = — TrfoW), (2- 



where g is a coupling constant. The spinor field ip and the gauge field aj are 
(2L + 1) x (2L + 1) Hermitian matrices. Dirac fermions on the fuzzy 2-sphere 
were investigated in refs. [23 EE] • 
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This action ()2.8|) is invariant under the following gauge transformation: 

V> -> (2.10) 

^ -> #/ f , (2.11) 

Oj -> UaiU ] + -(UUU^ -U). (2.12) 
P 

The last transformation is obtained from a requirement that the combination 

A i = a(L i + pa i ) (2.13) 

transforms covariantly under gauge transformation as A{ — > UAiU* . The fermion 
■0 transforms as the fundamental representation. The covariant derivative for ^ 
is given by 

4V = a(d + pa f )V>. (2.14) 
It is straightforward to see that Afy transforms correctly as 

- UAty. (2.15) 

By noting that OiLi = Jf — Cf — | where Jj = Ci + y, eigenvalues for the 
free Dirac operator can be easily obtained: 

A) = faCi + l) (2.16) 
= j(y + !)-/(/ + !) + I (2.17) 



4 

/ + 1 = i + \ for j = I + \ 
-I -{j + i) for j = l -\. 



(2.18) 



No doubler modes exist in the spectrum. Various properties of the Dirac operator 
on the fuzzy 2-sphere are discussed in ref.j 
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The eigenfunctions are given by spinorial-spherical-harmonics: 

^+i, m = \j = l + ~,3z = m) 



I + ~ + m , l + ^ — m 

2 -Y hm _i ® | T) + \/ o; 2 , 1 y t|m+ i ® | I), (2.19) 



21 + 1 l ' m "2 ~ 1 " U 2/ + 1 



which satisfy 



irrVi ® 1 1) - y ^i-n^ ® 1 1>. (2-20) 

A^+i,™ = (/ + l)^ + i, m , (2.21) 
A^-J,™ = -OV|, m - (2.22) 

Angular momentum Z takes values Z = 0, 1, • • • , 2L for y i+ i^ m and Z = 1, • • • , 2L 
for y. i . Hence the eigenfunctions of D are paired between 3^ . i „, and V , i 
with positive and negative eigenvalues except for ^l+i,™- 

When we calculate anomalous WT identities for chiral currents, we need to 
evaluate the following type of expectation values in the free Dirac action So'- 

(O)s = J d^Oe~ s \ (2.23) 
Z So = Jd^e- So , S = ^Tr(^A^). (2.24) 

They can be calculated by expanding the fields if) and %[) in terms of y i+ ^ m and 
y'i-±,mi an d then using the Wick's theorem. Expectation values for typical O's 
are given in appendix 6.2. 



3 Commutative Limit and Flat Limit 

In this section, we will consider two different limits of the action (|2.8|) . a commuta- 
tive limit and a flat limit, and obtain actions for Dirac fermions on a commutative 
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2-sphere and a noncommutative flat-space [30J. Then we will review chiral anoma- 
lies in these theory. In the next section we will calculate the chiral anomaly on 
the fuzzy 2-sphere, take these two limits, and then compare with the results of 
chiral anomalies that will have been reviewed in this section. The calculation of 
the chiral anomaly in the next section can be done without introducing any kind 
of regularization and it is a nontrivial check whether they agree or not. 

3.1 Commutative 2-Sphere 

For the commutative limit, we take the noncommutative parameter a — > 0, and 
the size of matrices L — > oo, with the radius p fixed. The action ()2.8|) can be 
mapped to a noncommutative field theory on the 2-sphere by using the mapping 
rules, ()2.6|) and (|2.7j) . Products are mapped to noncommutative star products. In 
the commutative limit, this product can be approximated by an ordinary product 
and we obtain an action for the Dirac fermion on the commutative 2-sphere with 
the radius p: 

S s * = 4 / (3-1) 
9 2 Jn 

D = Do + paidi, (3.2) 
D = (TiCi + 1. (3.3) 

Here, the 2-sphere is embeded in a three-dimensional space, and the Dirac oper- 
ator can be rewritten as 

D = p[(/ i (id i + a^ + (h3] + l, (3-4) 

where we have redefined new a matrices and new gauge fields for later conve- 
nience: 

.1 . . 

o i = -eijkXjdk, (3.5) 

o\ = -eijkXjUk. (3.6) 
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They are tangential components of a, and (Tj. Similarly the normal components 
are given by 

(p = -Xidi, (3.7) 
P 

1 , . 

73 = -XiOi. (3.8) 

P 

They are a scalar field and a chirality operator on 2-sphere, respectively. Hence 
the action (j3.1j) contains a scalar field <ft as the normal component of a^. 

We can further take a flat limit of (|3.1jl . by considering the vicinity of the 
north pole on the 2-sphere, taking p — > oo, and mapping p 2 J n ^ J x 2 - Then 
we obtain 



Sjp = / d zV'fo (i<% + a, ) + 0cr 3 ]^, (3.9) 



with 



< = -ey^-, (3.10) 
a" = -eijdj, (3.11) 

where i,j = 1,2. This is nothing but an action for Dirac fermions on a 2- 
dimensional commutative flat-space with a Yukawa coupling to a scalar field. 
A chiral transformation is defined on the commutative 2-sphere as 

5?p = A 7 3^, (3-12) 
S^P = A^7 3 . (3.13) 

where the chirality operator of (|3.8j) satisfies 

(7 3 ) f = 73, (3.14) 
(7s) 2 = 1, (3.15) 
{A 73 } = 2p0. (3.16) 

Anomalous chiral WT identity for the theory on the commutative 2-sphere 
has been calculated in ref . [31] • Since now we consider the theory with the Yukawa 
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coupling to the scalar filed 0, we show the calculation for the chiral WT identity 
in the appendix 16.31 The result is 

g 2 

- Zp&Tpip = —{-<ii£ij k x k {Ciaj) - 8p<p). (3.17) 

This can be rewritten as a more familiar form 

2o 2 

idityo'ffaij)) - 2<f)ipif) = — e^x^^ - <W), (3.18) 

P 

by separating and Uj into tangential and normal components as in eq. ()3.5|) . (j3.6|) . (j3.7|) . 

Taking the flat limit further, we obtain 

id^a'h^) ~ 1H4 = 2g 2 e ij (d i a'; - d^), (3.19) 

which agrees with the WT identity in 2-dimensional flat-space. Note that in a 
usual convention the r.h.s. is divided by Atc. This can be given by multiplying 
the action l)3.ip . and then (|3.9|) . by An. 

3.2 Noncommutative Flat Space 

Now we take the flat limit from the fuzzy 2-sphere with the noncommutativity 
fixed. This can be done by considering the vicinity of the north pole on the 
fuzzy 2-sphere, and taking the radius p — > oo, the system size L — > oo, with the 
noncommutative parameter 8 = ap fixed. In this limit, a matrix M is mapped to 
a function on the flat space and Tr becomes an integral over this flat space: 

1 Tr -> / dx 2 . (3.20) 



2L + 1 ' Anp 2 j 

In the vicinity of the north pole, £3 can be replaced by p and a commutator 
between Xi (i = 1,2) becomes = i^e^. Hence 

[L,,M] = ~[ Xi ,M\ 
a 

-> i-e ij d j M(x) =ipeijdjM(x). (3.21) 
12 



Then, from the action on the fuzzy 2-sphere (|2.8|) . we obtain an action for the 
Dirac fermion on the noncommutative 2- dimensional flat-space: 

Sr* nc = 4^ / + <) + <^M*, ( 3 - 22 ) 

where of and a" are defined in eq. ()3.10|) . (j3.11|) . and [•••]* means that any product 
in the bracket is considered SIS db star product. 

By taking 9 — > 0, we can obtain the commutative limit of (|3.22j) . which again 
becomes (|3.9j) . In the previous subsection, we first took the commutative limit, 
a — > with p fixed, and then took the flat limit p — > oo, while here we first 
took the flat limit, p — > oo with 9 = ap fixed, and then the commutative limit, 
9 — > 0. We arrived at the same classical action irrespective of the ordering of 
taking limits, though there may be some subtle dynamics quantum mechanically. 

As we have reviewed in the introduction, chiral anomaly on noncommutative 
flat-space has been investigated in a number of papers [7 -[20J. 

4 Chiral Anomaly on Fuzzy 2-Sphere 

In this section, we define chiral transformations and calculate the chiral anomaly 
for fermions in the fundamental representation on the fuzzy 2-sphere (12. 8|) . If we 
keep the ordering of ip and ip in (J3.17|) . the l.h.s is gauge invariant and it will be 
difficult to write down its noncommutative analog since we cannot make gauge 
invariant local operators on noncommutative space from gauge fields. We have 
to take trace over matrices to make an operator gauge invariant. Hence, the WT 
identity with a gauge-invariant current cannot be written down unless we intro- 
duce explicit nonlocality. On the other hand, local WT identity can be written 
down if we use a gauge- covariant current, instead. They have been discussed 
fully in the case of flat noncommutative space as reviewed in the introduction. 
In the following, we will consider two kinds of chiral transformations and the 
corresponding chiral currents: in a gauge invariant way and a covariant way. 
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4.1 Gauge-Invariant Current 

We define a local chiral transformation as 

6il> = (<Tiip {A, Li} - ipX) , (4.23) 

5$ = ^L-^faLiyfai-Xj), (4.24) 

where the transformation parameter A is also a (2L + 1) x (2L + 1) matrix and 
anti-hermitian. This chiral transformation reduces to the ordinary one ()3.12|) in 
the commutative limit. Furthermore, a chiral operator 

1^=2^(2^-1), (4-25) 

satisfies 

(T R ) 2 = 1, (4.26) 

(r fl )t = T R . (4.27) 

at finite L. Various properties of this chiral operator are discussed in ref. [29J. 
The chiral operator 1)4.25)1 reduces to the ordinary chiral operator (J3.8j) in the 
commutative limit. An anticommutator with the Dirac operator ()2.9|) becomes 

{r * D} = TTT/2 (2(A + m)L ^ ~ D) ■ (4 ' 28) 

Here CiLf and D/(L + 1/2) vanish in the commutative limit since they are of 
order 1/L. Hence the anti-commutator becomes proportional to the scalar field 
as expected: 

{T R , D} -> 2a iXi = 2p0. (4.29) 

The r.h.s. of the anticommutator (|4.28J) has correction terms of order 1/L. These 
terms lead to the correct anomaly as we show in the following. 

The chiral transformation (|4.23|) is compatible with the gauge transformation 
if A is a gauge invariant parameter. Namely, Sip also transforms as the fundamen- 
tal representation 5ip — > U5ip. This is because A and Lj are placed in the right 
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of ip in (|4.23|) . Since the chiral transformation parameter A is invariant under 
gauge transformation, the chiral current associated with this transformation is 
also gauge invariant. 



4.1.1 Evaluation of the WT Identity 



Now we will evaluate the WT identity associated with the chiral transformation 
(I4.23j) . Under the chiral transformation, the variation of the action (J2.8|) can be 
obtained by using the anticommutator ()4.28|) as 



5S, 



a 



-Tr 



~[Li,\] ({Lj^a.ajip} - ipa^) 



9 2 (2L + 1 
+ {A, Li} ($[L h tp] + fnpaiip) - X^jD^j 



(4.30) 



The integration measure also varies as dip' dip' = Jdipdip with the Jacobian, 

-i 

i2i (4.31) 



J 



dtp' dtp' 

dip dtp 

dtp' dip' 

dtp dtp 



l + 4TrA + C(A 2 ). 



By combining both variations under the chiral transformation, we have the anoma- 
lous chiral WT identity: 

(5S S 2) s -4Tr\ = 0. (4.32) 

The contribution from the Jacobian and the last term in (J4.3Uj) are cancelled by 
the relation 1 

OL r - i 

-IT/A. (4.33) 



This can be easily proved by formally diagonalizing the operator D. 



1 If we define chiral transformation for ip without the second term in 14.23fl . either of the last 
term in l|4.30|l or the contribution from the Jacobian do not appear from the beginning. This 
chiral transformation also agrees with the commutative one in the commutative limit, and there 
is no reason to exclude this simpler transformation. But the resulting WT identity becomes 
the same except for a slight change (of order 1/L) of the definition of the chiral current. This 
property is desirable since ambiguities in making noncommutative systems from a commutative 
one do not affect universal structures of noncommutative systems such as anomaly. 
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The first term in (j4.30p proportional to [Xj,A] gives the divergence of the 
chiral current in the WT identity. The second term can be rewritten as 

Tr ({A, Li} (^{Li^+f^a^)) 

= Tr ([A, Li] $[Li, ip] + p$aol)) + 2L i \ifj[L i , ^ + 2p\^a i ^L i ) . (4.34) 

The first term in (J4.34j) is absorbed in the definition of the chiral current. In the 
following analysis, we consider terms up to the first order in the gauge fields ctj. 
We make use of the identity (see eq. ()6.24|) ) 

(Tr(A^a^,L 4 ])> 5o = 0, (4.35) 

and define the scalar field, 

<f> = |- [K Li} + pa 2 ] = ^ [(Li + paif - (Li) 2 ] , (4.36) 

which is a normal component of a^, and transforms covariantly under the gauge 
transformation. Then, we can write down the WT identity as 

(Tr Q [Li, {Lj^aiCTjifj} - - 2ip[L h ip] - 2pipa i tfj] S j - ^-Tr (\ip(j)tfj)) s 

ap T 

-■JiUi'ip i /s -i- ^yyai) ) 

(4.37) 



-p(Tr^[L 4 ,a#) 5o - (Tr (2LM[L i , Tr ( ^foa^ )}s + 0((a t ) 2 ) 



The last term in (|4.37|) came from the first-order perturbative expansion with 
respect to the gauge field in the action (|2.8p . 

Now we evaluate the last term in eq. (|4.37|) . Here we assume that the back- 
ground gauge field has only the third component 03. We can recover the complete 
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result afterward by using SO (3) invariance. By using the formula (|6.28|) . we have 

ap 
.2? 



■{Tr (2^ [Lj, V] L*A) Tr ( ^a 3 a 3 ^ ) >s 



2L 2L 2- § 
1=1 V=l m =-l+\m=-l'+l 



-5 



J7r 



x 



2L J 



a: 



f^Tl^ E E ™Tr(AY to )Tr(>* 03). 

v > 1=1 m=-l 



The last term of ()4.38|) is simplified by using the completeness of the spherical 
harmonics ()6.9|) as 

2L I 



4g 2 p 



a(2L + l) 2 



E E Tr(A^ m )Tr(yi[^3,a 3 ]) 



1=1 m=—l 



a(2L + 1 



-Tr(A [£ 3 ,a 3 ]), 



From S"0(3) invariance, it gives 



-Tr(A a,]), 



(4.39) 



(4.40) 



a(2L + l) 

which exactly cancels with the first term of the r.h.s. in eq. (|4.37|) . Hence the first 
term of (jOHjl gives the r.h.s. of the WT identity (|Q7jl . 

The first term of (|4.38jl . which we call H 3 , can be evaluated as 



2g 2 P 



2L 2L l ~h 



EE E E 



a(2L + l)^^ ^ ^ 1(1 + 1) 

V ; 1=1 l'=l m =-l+\ m'=-l'+l V ' 

-Tr(^ m _,y,^_iA)Tr ([L_, ^ m ,_Ja 3 [L + , ^ 

n 2 2L / _, 



EE 



a ( 2L+1 )fe m tV( /+1 ) 



Tr ([L+,XYL ]a 3 [L_,F,, m ]) - Tr f AY+ ]a 3 [L + , 



(4.41) 



(4.38) 
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Here we have used ()6.16|h f)6. 17j) . and then (|6.9p . Using the identity ()6.18|) . and 
then (jbM(J|) . this term becomes 

2a 2 n 1 " 1L 

H 3 



2g 2 p i \^ i_ 

a(2L + l)2L(L + l)^^_ i ^ ) {L(L + l)y 



Tr ([L + , Xrfja* [L_, (L^Lf)^]) -Tr ([L_, A^Ja 3 [L + , (LfLf ) B H, m ]) 
Tr (Lj n • • ■ L h L + \) Tr (a 3 L-L h • • • L in ) 



2 00 1 

a ^{L(L + l)}«+i 
-Tr (L in ■ • • L h L_L + \) Tr (a 3 L h • • • L in ) - Tr (L in ■ ■ • L ix A) Tr (L + a 3 L_L h ■ ■ • L^ 



+Tr (L in • • • L h L-\) Tr (L + a 3 L h ■ ■ ■ L in ) - [L + <-> L_ 

By 5*0(3) invariance, the from in general background gauge configurations can 
be determined as 

-2ie ijk g z p 



(4.42) 



E 



— {L(L + l)}«+i 



Tr (L in ■ ■ • L h Li\) Tr {a k LjL ix ■ ■ ■ L in ) - Tr (L in ■ • • L^LjUX) Tr • • - L in 

Tr (L in • • • L h \) Tr (Lia k Lj L h ■■■L in ) + Tr (L in ■ ■ ■ L h Lj\) Tr {Lia k L h ■ ■ ■ L in ) 



-2ig 2 p 



E 



n — {L(L + !)}«+! 



Tr (L in • • • L ix A) [eijfcTr (Li[L,-, a^L^ ■ ■ ■ L in ) - iTr {UaiL^ ■ ■ ■ Li 
Tr (L in • • • L h Li\) [e ijk Tr ([Lj, a k ]L h ■ ■ ■ L in ) - iTr (c^L^ • • • L in 



(4.43) 



Finally, the WT identity ()4.37|) for the gauge invariant chiral current becomes 

(Tr Q [Li, J?]) - ^Tr (\$W))s = H, (4.44) 
where the chiral current is given by 



(4.45) 



The r.h.s. of the WT identity (|4.44j) . H, contains, in addition to an anomaly term, 
an extra term which makes the scalar term in l.h.s. of (|4.44jl normal ordered. 



We will see this in the next subsection. Note that we have considered terms up 
to the first order in the gauge fields, and there are higher order terms which are 
neglected in the above WT identity. 

Generic property of the WT identity for the gauge invariant current is that 
the chiral transformation parameter A and the gauge field are inserted in 
different traces in (J4.43j) . This means that we cannot write down explicit local 
expressions for the WT identity because the gauge field is always in a trace, 
namely, in an integral over the sphere. This is consistent with a general argument 
that there is no local gauge invariant quantity constructed from gauge fields on 
noncommutative space. 

4.1.2 A = 1 Case 

In order to see that H contains an extra term (vev of the scalar term) mentioned 
above, we evaluate H for a special case A = 1. We again set the background 
gauge configuration = a^5^. Then H 3 becomes 



H- 



3 A=l 



2g 2 P 



2L l~3 ^ 

T? Yl + i 



a(2L + l) 2 ^ ^ 1(1 

V ' 1=1 m=-l+} ^ 




X 



5#fi)E E ifmj^n.). (4.46) 



TM^asV-i) " Tr(y,; m+ ,03y,, m+J 

,0 2L I 

1=1 m=—l 

The summation over I, m in this equation can be evaluated by using the identity 
(jOSj) and the completeness of the spherical harmonics (jfi.K))) . We refer the 
detailed calculation to appendix 16.41 We finally obtain 

From SO (3) invariance, a general form is given by 

HU^ = 8g2p Tr( fll LA (4.48) 
1 a(2L + l) K J K ' 
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Because of the relation 



lp2 - (Tr^) So = J^P— Tr(a 3 L 3 ), (4.49) 



a ^™ a ( 2 L + l) 

(I4.48j) becomes a vev of the scalar term in the l.h.s. of WT identity (|4.37|) . and 
can be interpreted as a normal ordering constant for it. 

4.1.3 Flat Limit 

The flat noncommutative limit corresponds to considering a vicinity of the north 
pole. More precisely, this means that the support of the background gauge field 
di and the chiral transformation parameter A are localizes around the north pole, 
and Li in the traces including these fields can be replaced by L 3 in the leading 
order. Hence the flat limit of the anomaly term (J4.43|) vanishes because the 
second line and the third line of (J4.43|) are cancelled each other. On the contrary, 
in an almost constant chiral transformation where A is close to 1, Li in the 
trace in which A is inserted cannot be replaced with L 3 and the cancellation 
does not occur. These results are consistent with the calculations in the flat 
noncommutative space |9~1 ITT]. 

4.2 Gauge-Covariant Current 

We define another type of a chiral transformation as 

# = —^-j<TML h (4.50) 
L + 2 

Sip = — - —LSaiX. (4.51) 
L + 2 

This chiral transformation reduces to (j3.12)) in the commutative limit. The al- 
gebra of the chiral transformation closes up to the gauge transformation since 



W = 77 I n^ AiAaV&i + nXlU iW- ( 4 - 52 ) 
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The chiral transformation ()4.5U|) is compatible with the gauge transformation, 
(|2.1(J|) . (|2.11|) if A transforms covariantly as 



A -> UXUl (4.53) 

Since the chiral transformation parameter A transforms gauge covariantly as 
f!4.53|) . the associated current is also gauge covariant. Thus, the local WT identity 
is expected to be written down. 

4.2.1 Evaluation of the WT Identity 

Now, we will evaluate the chiral WT identity for the covariant current. Under 
the chiral transformation (|4.50p . the action ()2.8|) varies as 

OL ( - 

$s S 2 p = g2 (2i + i) Tr y )(Ji(J j l Li + P ai > A ] ^ L 3 + 2 ^ A ^] Li 

2p 2 - - - - \ 

+—ip\(f)ip - P 2 ^Aa- if) - 2pip\di [L u ij}] - pif)\ [L i} a*] V , (4-54) 
a J 

where <fi is the gauge covariant scalar field defined in ([4.36)1 . The integration 
measure is invariant. Therefore, the WT identity becomes 

(Tr (A [Li + pa % , -ifipL^cna^} ) - ^Tr {i>\U))s 
= -p(Tr (i>X[L i ,a i ]ip)) So 

-(Tr (2^A [Li, if)] L^ Tr fe^a^)) So + 0((a t ) 2 ) (4.55) 

up to the first order in the gauge field a, . The last term came from the first-order 
perturbative expansion in the gauge fields in (|2.8j) . 

Now we evaluate the last term in eq. (j4.55J) for a special background gauge 
field, where djCij is replaced by a^a^. By using the formula (|fi.28j) . it can be 
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rewritten as 



■(Tr (2^A [Li, ij] L^ Tr f^a 3 a 3 i!) ) 



'So 



^EE E E J^I( l+ ±r-*J(, + X-* 



a(2L + l) 2 ^^ ^ ^ l(l + l)V V 2 J V V 2 



1=1 l'=l m =-l+ i m=-Z'+ 

X 



■ f2 /+l) 2 ^ ^ ™Tr(AY, m )Tr(*ta 3 ). (4.56) 

V > 1=1 m=-l 



As in (14.38)1 . the last term of (|4.56jl can be calculated by using the completeness 
of the spherical harmonics ([6.9)1 . and exactly cancels with the first term of the 
r.h.s. in eq. ([4.55|) . Hence the first term of ()4.56|) gives the r.h.s. of the WT 
identity lj05|) . 

The first term of ([4.56)1 . which we call I 3 , when A = 1, turns out to be exactly 
equal to H 3 \\=i (see eq. ([4.46)1 ). Following the same steps in H 3 case, we obtain 

'I" = m ^ = wf^ Tr{aiU) - (4 - 57) 

This term corresponds to the normal-ordering constant for the scalar term in the 
l.h.s. of the WT identity (1435)1 . 

We then evaluate the first term of ()4.56|) for A 7^ 1. Using (|6.16|) and ()6.17j) . 



O 2 2L 2L 2-| 

l 9 P \^ \^ \^ 1 

«(2L + 1)^^ ^ ^ 1(1 + 1) 

K 1 1=1 l'=l m =-l+ 1 m'=-l'+h 



x '^(Y^XY^^Tr {[L + , ^ m , + Ja 3 [L_, Y l;m+ i] 
—Tr(Y^ m _iAY ll m ,_i)Tr ([L_, Y^ m ,_i]a 3 [L + , Y^ m _i]^ j . (4.58) 

Comparing with eq. ()4.41|) . the only difference is the position of A: A is placed 
before the Yi m in ([4.58)1 . while it was after Yi m in ()4.41jl . Then we can follow the 
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same steps in H 3 , and obtain 
-2ig 2 p 



a 

x 



Tr (L in ■■■L il ) [e ijk Tr (X[L it aj]L k L h ■ ■ ■ L in ) - iTr (Xa^L^ - L 
-Tr (L in ■ ■ ■ L h Li) [t ijk Tr (X[Lj, a k }L h ■ ■ ■ L in ) - iTr (XdiL h ■ ■ ■ L in )] 

(4.59) 

Due to the position of A in (J4.58|) . A and <2j are placed in the same trace, namely 
in the same integral when we express traces by integrals. Therefore the WT 
identity can be written locally for an arbitrary chiral parameter A. The WT 
identity (j4.55J) for the covariant current becomes 

(Tr (A [Li + pa t , -^L^a^)^]) - ^-Tr {i>XU))s = I- (4.60) 

We will further evaluate the anomaly in two limiting cases below. 

4.2.2 Commutative Limit 

We now take the commutative limit. In this limit, we can replace Lj by the 
classical coordinate Xj/a, and Li by £j. The second line of eq. (|4.59j) becomes 



J^LAy 1 o +1 (2L A! } / (e ijk X[L i ,a j ]x k x^-iX(a-x)xf n ) [ (x^ 

a ^ Q {L(L + l)} 2n+1 « 4 «+! Jq 1 ' 1 1 Jn> 

-2ig 2 p^ 1 (2L + 1) 2 p 4 ™ f. xrr . >x 

—^T ^ {L(L + 1)}™ 2n + l J Q ^ k ~ ^ 

°° 1 f 

(2L + l) 2 9 — ITT / ( e ijkX[Li, aj ]x k - iXp<P) . (4.61) 



p II li 



Similarly the third line becomes 

P ^ rr / r . -,N-,2n+2 ^ Ij^+T / (e iifc A [Lj , a fc ]x 2n+1 - 2Aai£ 2n+1 ) / (a^) 2n+1 £. 



2^ 2 P^^^1^_(2L + 1]> 4 "+ 2 f 

— {L(L + 1)} 2 «+ 2 2n + 3 ( ^ A[L " ^ Xfc " ^ 

21 + X ) 2 £ ^ I o\ / (<*jkX[Li, a ]x k - *Ap0) . (4.62) 

n=0 ^ + 6 > Jn 



n=0 

P 
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Here we have used the following formula: 

j %ii ' ' ' Xi 2n — ^ n _|_ [^1*2 ^3*4 ■ ■ ■ ^2n-l«2n + ' ' ' ] > (4.63) 

where there are (2n — 1)!! ways of contraction in the r.h.s.. We thus obtain the 
commutative limit of /: 

/ _^ Z^_(2L + l) 2 f (e ijk X[Li, aj )x k - iXpcj)) . (4.64) 
P Jn 

The commutative limit of the WT identity ()4.60|) becomes 

Ci(ipaij 3 ip) - 2p(f)ipip - 4g 2 (f) = —(-ieijkXiCjak - 2p0), (4.65) 

which completely agrees with (j3.17|) . The last term in the l.h.s. is the normal- 
ordering constant for the second term, as we have already seen in the noncom- 
mutative case at A = 1. 

4.2.3 Flat Limit 

We then take another limit of ()4.59jh the flat limit. Since we consider the vicinity 
of the north pole, the background gauge field aj is assumed to have supports only 
around the north pole and we can replace Lj by L 3 if they are in the trace in 
which a,i and A are inserted: 

T . -2^ 2 P^> 1 



x 



a ^ [L(L + 

Tr((L 3 ) n )[e u -Tr(A[L l ,a,](L3) n+1 )- ? Tr(Aa 3 (L3) n+1 )] 
-Tr((L 3 )" +1 )h J Tr(A[L i ,a J ](L 3 )")- ? Tr(Aa3(i:3)")]]. (4.66) 

Here i,j take values 1 or 2. By the same reasoning, L 3 in the trace in which a, is 
inserted can be replaced with a c-number y 1 L[L + 1). Tr(L 3 ) can be evaluated 
exactly, and it vanishes for odd n. We then obtain 

1 ~* h Tr (A[^, %]) - *Tr(Aa 3 )] , (4.67) 
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and the WT identity ()4.60|) becomes 



(Tr (A [Li + pa u -^LaV^s] ) - ~ Tr (^-W))s 

[eijTr(A[Lj, a,]) - *Tr(Aa 3 )] . (4.68) 



a 

By using (|T2njl . flH2U), (jSHID , dSHU), we obtain 



y ^[VAey^oJ-iVAasj^, (4.69) 



where 



73 = (4.70) 

a" are adjoint operators of a", and [■■•]* means that the products in the bracket 
are replaced by the star products. Note that the last term of the r.h.s. in ()4.69|) 
is a sub-leading contribution in 1/p and can be ignored. The second term in 
the l.h.s. of ()4.69j) vanishes up to the first order in the gauge field a^, since 
(A[a 3 , —ipip}) So = due to ()6.24|) . Therefore the WT identity becomes 



d 2 x [A(i$ + ~al){-ol p {ii M rW) ~ 2^A#]> = J d 2 x[Ag 2 \e %3 d t a" j \^ 

(4.71) 

in the flat limit. 



5 Conclusions and Discussions 

In this paper, we have calculated chiral anomaly for fermions in the fundamental 
representation on the fuzzy 2-sphere. This system can be formulated as a ma- 
trix model of finite size and no regularization is necessary. In spite of this, we 
can reproduce the anomalous chiral WT identity. Our final results for the WT 
identities are written in eq. ()4.44j) and eq. ([4.60)1 . We have obtained WT identities 
for two types of chiral currents, a gauge invariant current (|4.44|) and a covariant 
current (|4.60p . 
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The anomaly term is contained in H of eq. (|4.43|) and I of eq. ()4.59p respec- 
tively. H and I have the same expression except the location of the chiral trans- 
formation parameter A. In if, A and the background gauge field at are inserted 
in different traces, while in /, they are in the same trace. Tr becomes an inte- 
gral over 2-sphere. Hence, for the covariant case, if we take TrA out of the WT 
identity (|4.6(Jj) and the corresponding anomaly term I in eq. (|4.59|) . we obtain a 
local expression for the anomaly term in the WT identity. On the contrary, for 
the invariant case, even after taking TrA out of H, the gauge field a« is still in 
the other trace, namely in an integral, and the WT identity has a nonlocal form. 
If we put A = 1, H and / become the same and we can obtain the same global 
form of the chiral anomaly. 

When we take a flat limit, the small difference between H and I causes a big 
difference to the final results. By assuming that both of the chiral transformation 
parameter A and the gauge field are localized around the north pole of the 
sphere, the anomaly for the covariant case becomes a star generalization of the 
anomaly in the commutative theory as we saw in section 4.2.3. The anomaly 
for the invariant case, however, vanishes as in section 4.1.3. These results are 
consistent with the previous results[7|-[2II|. A merit of our calculation is that 
our system is finite and we could obtain the results (J4.43j) and (I4.59|) . which 
interpolate between local A and global A. 

In this paper, we have only evaluated the anomaly in the leading order of the 
gauge field. Though the calculation of higher orders is very complicated, they 
can be guessed by the gauge covariance. For the gauge invariant and covariant 
currents respectively, H of eq. ()4.43|) and / of eq. (|4.59J) can have the following 
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simple gauge invariant completions: 

2igVA 1 
G " « ^{aL(L + l)r +1 

x [Tr(L,„ • ■ ■ L il A)Tr(A, J B i A n • • - A in ) - aTr(L ln ■ ■ ■ L il L J A)Tr( J B J A, 1 ---A 

2^V A 1 
G ~ « ^{aL(L + l)r +1 

x [Tr(L in • ■ ■ L il )Tr(AA iJ B i A il • ■ ■ - aTr(L in • ■ ■ L il L i )Tr(A5 i A il ■ ■ • A 



where Bi is the magnetic field defined by 

1 1 

Bi = -e ijk F jk = —^(eijkAjAk - iaAi), (5.3) 

Fij = {[A, Aj] - tae ijk A k ) . (5.4) 

They are gauge covariant fields and vanish when aj = 0. The above forms of 
anomalies are invariant under gauge transformations and become H of ()4.43j) 
and I of (|4.59jl in the first order of the gauge field. In the commutative limit, the 
anomaly for the covariant current becomes the same as the r.h.s. of ()4.64|) except 
that [Li, cij) is replaced by a gauge covariant form ([Li, aj] — [Lj, ai]+p[ai, dj])/2. It 
is also similar in the flat limit, the final expression becomes the same as the r.h.s. 
of eq. ()4.68jl except [Li, aj] is replaced by the same covariant form. For the case 
of the invariant current, it is interesting to see whether the above gauge invariant 
completion is consistent with the perturbative form of the anomaly discussed in 

ma- 

A motivation to consider chiral anomaly on fuzzy 2-sphere is to define topo- 
logical invariants on finite noncommutative space. In commutative space, we 
have fully understood the topological structures of the gauge configuration space 
and its relation to the index of Dirac operators or anomalies. They have been 
extensively utilized in many situations, for example, in constructing the chiral 
fermions in the Kalza-Klein compactification. 
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We have been struggling to build a constructive formulation of superstrings 
and, at present, matrix models or noncommutative field theories are considered 
to be promising candidates. From this perspective, it is necessary to investigate 
various possibilities to make chiral fermions in finite dimensional matrix models. 
One possibility was investigated in ref. [32] where orbifold matrix models were 
proposed. Another interesting possibility to make chiral fermions will be to define 
index of some Dirac operators in a compactified noncommutative space and then 
make use of the Dirac operator with a nontrivial index. In infinite dimensional 
noncommutative space, solitons have been constructed [33] in terms of the so- 
called shift operators. But the shift operator is formally written as 



and the construction essentially makes use of the infinite dimensionality. In 
finite noncommutative geometries, topologically nontrivial field configurations 
have been constructed based on algebraic K-theory and projective modules [34, 
E2j- Though they are mathematically beautiful, it seems difficult to apply this 
idea to matrix models for square matrices, such as 

To overcome the above difficulty, it is interesting to apply the ideas related 
to Ginsparg-Wilson(GW) relation[312| in lattice gauge theory to matrix models 
or noncommutative field theories. GW relation represents the remnant chiral 
symmetry of chiral continuum theories. Another important idea originates from 
the observation that in the presence of a mass defect, a chiral fermion appears 
at the boundary. So far a domain wall fermion [Hp] and a vortex fermion |37j are 
constructed on the lattice and from the former model, a practical solution of 
GW relation is derived [3S]. More abstractly, GW relation plays a crucial role 
in discussing the chiral symmetry |39t HO] or the index theorem at a finite lattice 
spacing [4T1 I39j. In a forthcoming paper ^2] we show that by making use of the 
ideas related to GW relation, it is possible to define topological invariants or 
indices of Dirac operators in the finite dimensional fuzzy 2-sphere with general 



DC 




(5.5) 



n=0 



28 



background gauge field configurations. 



6 Appendix 

6.1 Useful Identities 

Lj's are (2L + l)-dimensional representation matrices of the angular momentum 
operators and satisfy 

(6.1) 
(6.2) 
(6.3) 
(6.4) 
(6.5) 

CiM = [Li, M] are adjoint operators and satisfy 

[Ci,Cj] = ie ijk C k . (6.6) 

Noncommutative spherical harmonics Y\ m satisfy an orthonormality and a com- 
pleteness relation: 



[Li, Lj] 




(Li? 


= L(L+1), 


L± 


= L 1 ±iL 2 , 


[L + ,L_] 


= 2L 3 , 


[L 3 ,L ± ] 


= ±L ± . 



^—^r{YlY Vml ) = 5 w 5 mm ,, (6.7) 
I 2L ' 

—J^ZYl ( Y Lh( Y lm)kp = SipSjk- (6.8) 



2L , 

1=0 m=-l 



Total number of basis wave functions becomes ^f= (2/ + 1) = (2L + l) 2 and 
agrees with the number of independent (2L + l)-dimensional hermitian matrices. 
Thus for any matrices A and B, we have 



^rE Tr ^) Tr ( F ^) = Tr(AB), (6-9) 

Ira 

l -^lY, Tr{Y L AY i m B) = Tr(A)Tr(B). (6.10) 



2L + _ , 

lm 



2L + _ 

lm 
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There are various useful identities when Lj's act on Y\ m : 



[Li, [Li, Yi m ]] 
[L 3 ,Y lm ] 

LiXlmLi 

Li [Li, Yi m ] 
[Li, Yi m ] Li 



1(1 + l)Y lm , 

mY lm , 

L(L + l)- l -l{l + l) 

1(1 + 1) 
2 

1(1 + 1) 



Y, 



lm, 



Yim, 
y 

1 lm, 



(6.11) 
(6.12) 
(6.13) 

(6.14) 
(6.15) 



[L+,Y lm ] = y/l(l + 1) - m(m + T)Yi >m+1 , 
[L-,Y lm ] = + 1) - m(m - Fj*z,m-i- 

Using the above equations, we can prove the following identity: 



1(1 + l)+2e 



Y, 



lm 



E 

n=0 

oo 

E 

n=0 



2L(L + 1) 
1 

2L(L + 1) 



l l(l + l) + 2e 
2L(L + 1) 

LjLf - e 
L(L + 1) 



Y, 



lm, 



Y, 



lm' 



6.2 Expectation Values in the Free Theory 

The free part of the action Sq ()2.8|) becomes 
a(2L + 1) 



Sn 



2g 2 



2L 



2L 



V&Li m (l + l) -Vfe'J i b' 1 I 

/ -i Z+±m '+2i mV y / ^ l~j,m l-±,m 



1=0 



(6.16) 
(6.17) 



(6.1£ 



(6.19) 



by expanding the fields ip and ^ in terms of spinorial-spherical harmonics 3^+ 1 
and 3^ X ;_ i m introduced in eq. ()2.20|) as 



2L l+k 2L I-a 

E E + X] E & l-|,m^-im- 

«=0 m= _i_i «=1 m= _ i+ i 



(6.20) 



2L i+l 

E E 

/=0 m =-J- 



2L i-o 



v 5 = E E ^X^ + E E ( 6 - 21 ) 



1=1 TO =-/+7 
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Then we can calculate the following expectation values, 

(O)so = 4~ f d ^ 0e ~ S °i ( 6 - 22 ) 

Z S J 

Z So = / ##e" 5 °, (6.23) 



by using the Wick's theorem. Thus, we obtain the following formulae: 
. (TrtfAifiB))* = ~ a(2 A f + ^ r(AB). (6.24) 

A 2 2L I 



. (TrW ^ ± ^)> S , = -^f ?Ty E E % + ,,) Tr(y^,^B). 

i— 1 m= _/+I 



(6.26) 



(Tr(ipAiljB)Tr(^CiljD)}s () 

2L 2L I I 



j^p^EEE E ^^ylAY^BmyLcr^) 

I 1=1 l<=\ m =-lm'=-l> \ ' ) \ ' > 
2L 2L l-\ V~\ 

iy ^2 ^2 ^2 ^2 



% 

a 2 (2L + l) 2 ^f^ 

v 1 1=1 l'=l m =-l+\ m '=-V 



+ + 1) v + - m2 v 0' + 3 - '-' 2 

X 



T KC_,^^-^)Tr(^ m/+ ,^ )m+ ^) 
+Tr(< m+ ,^, m , + ^)Tr(^ m , cy^^)] . (6.27) 
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. (Tr{^B)Tr^Ca^D)) So 

4 2L I 



Kg' 



EE 



m 



« 2 ( 2L+1 ) 2 fe m tV( /+1 ) 

2L 2L l-i 



Tr{AB)Tr{YlCY lm D) 



a 2 (2L + l) 2 ^^ 
v i 1=1 i'=i 



EE E E 



m=— Z+= m'=— 



X 



X 



Z(Z + 1)Z'(Z' + 1) 



z + - I - /» z 



— m 



/2 



Tr(^ m+ ^y rim , +| S)Tr(y; m ,_ | ^ )m _ |J D) 



8 5 



2 

4 



2L I 

EE 



m 



Tr(Y^AB)Tr(CY lm D) + Tr(AE im i?)Tr(E^CD) 

(6.28) 



{Tr(ipAipB)Tr(il>C<T±il>D))i 



So 



8g 4 



2L l-k 



a 2 {2L + 1) 2^ E 



(i + l) -m 2 



± 



2L 2L 

EE 



x 



a 2 (2L + l) 2 ^^ 

m \J (}' + I) 2 ~~ m 

m=-l m '=- 



E E 



^ ((i+i)c(('+i) 

— '"To 



m 



V(' + i)' 



^ l ^„ Z(Z + 1)Z'(Z' + 1) 



a 2 (2L + l) 2 



2L 



X 



' 2L i-§ 

E E 

1=1 m =-l+\ 



+ I 

Z(Z + 1) 



+ E E ' Tr^^xB)^;^^) 

1 — 1 m'=— Z'+i 

Here A, B,C, D are arbitrary (2L + l)-dimensional matrices and a± = ai± ™ 2 



(6.29) 
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6.3 Chiral Anomaly on S 2 

In this appendix, we will derive anomalous WT identity in commutative 2-sphere, 
(j3.17j) . (j3.18|) . Under the chiral transformation (j3.12j) . the action (|3.1|) varies as 



8S S 2 



P_ 

g 2 Jn 



(6.30) 



and the measure changes dip' dip' = Jdijji/j. The Jacobian is calculated as 



J 



-2 / A(x) V0j l (x)730„(x) 

1-2 f A(a;) V0t(ar) 7 30„(x), 
Jo. 



(6.31) 
(6.32) 



where n is a complete set of eigenfunctions for the hermitian Dirac operator D 
and satisfies D(p n = A n n and J n 4>l l (x)4> n (x) = 5 nm . 

Here we introduce spherical harmonics Yj m , which satisfy 



in 

oo m=l 



EE y ^) y ^') = 47r«5(n-no, 

n=— I 
m=l 

^Y^(x')Y lm (x) = (2Z + l)P,(cosa), 



i=0 m=-Z 



m=— i 
m=— Z 

E yM^AYir 



IX 



21 + 1, 



(21 + 1)1(1 + 1) x^j. 



(6.33) 
(6.34) 

(6.35) 

(6.36) 

(6.37) 

(6.38) 



m=—l 



where a in the third line is the angle between Q and fi'. 
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We then evaluate the Jacobian using Fujikawa's method |4l?j as 



n 

= i i ? 0O E^)73exp v ]i2 



oo / / 

1=0 m=-l s=±l X 

oo I 

v v i(' + l) 

J™ 6 ~^ Y lm( X ) tr 



D 2 



M 2 



Ylm{x)Xs 



M^oo 



7 3 exp 



D' 



M 2 



Y lm (x), (6.39) 



1=0 m=-l 

where Xs in the third line are complete basis for the spinor space. In the last line, 
tr is a trace over spinor space, and 

D' = D 2 - {Cif 

= Oiti + 1 + pKCidi) + it ijk o k {tiaj) + 2<JiCii + 2aiCi] + p 2 ^. (6.40) 



Only the first term <jj£j and the sixth term 2paj£j in eq. (|6.4(J)) can act as angular 
momentum operators on the factors in the right in eq. ()6.39|) . and can take the 
value of the order of /, and thus M, when acting on Y\ m . The other CiS in 
eq. ()6.40|) act only on a, in the round bracket. Thus, the terms except for the first 
and the sixth terms in eq. (|6.4U|) act just as c-number, and take the value of the 
order of 1 in eq. ()6.39|) . Therefore, when we Taylor-expand exp (—^2), only the 
following terms can survive in the large M limit in eq. ()6.39|) : 



tr 



73 exp 



D' 



M 2 



tr 



D' 1 



(6.41) 



After taking trace over the spinor space, this becomes 

_2 ~ 4 ~ ~ 

By using (|0B jl .(|O7 jl .(|O! jl . 

00 _ 
A(x) = lim 2_^e -^(2l + l)(—){ie ijk x k (C i a j ) + 2x i a i 



(6.42) 



z=o 



M 2 ' 
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(6.43) 



The summation over the variable / can be transferee! to the integral of the con- 
tinuous variable I as, 



dle- l \2Ml)( — )[ie ijk x k (C iaj ) + 2x A ] (6.44) 
= 2(-ie ijk x k (C i a j ) - 2<pp) (6.45) 
= 2pe ijk x i d j a' k , (6.46) 

where a- and are defined in eqs. (|H.5j) . (J3.7j) . 

Using the above results, the WT identity, {5Ssz + 2 f n XA) = 0, is written as 

4( / A(x)(£i (^aa 3 ip) - 2pip<f)ip))s 
9 Jn 

= / A(sc) -AieijkXkiCiaj) - 8(j)p (6.47) 
in L J 

A(x) [4pe ii& Xi9,ay , (6.48) 



which gives (jTTTj) or (J3TSI) . 



6.4 Evaluation for A = 1 Case 



In this appendix, we evaluate i?3 1 a=i i n ()4.46jl . By making use of the identities 
flnH) and dSHEJ, we have 



Vp y- 1 1_ 

xTr (^ n a 3 (LfLfr[L 3 ,^ m 

Vp 1 1 

a 2L(L + l)^{L(L + l)r 
x [Tr (a 3 L in ■ ■ ■ L h L 3 ) Tr (L h ■■■L in )-Tr (a 3 L in •■■L h )Tr (L 3 L h ■ ■ ■ L in )\ 



Ag 2 p 



1 oo 

—^U (6.49) 



a 2L(L + 

In the first line, I = term is added in the sum since [L 3 , Y 00 ] = 0. In the end of 
this appendix, we will justify it more carefully. Several /„ with small n can be 
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evaluated as 



f = (2L + l)Tr(a 3 L 3 ), (6.50) 
fx = -^(2L + l)Tr(a 3 L 3 ), (6.51) 

h = \(?L + l)Tr(a 3 L 3 ) - * + - (2L + l)Tr(a 3 L 3 ), (6.52) 
2L 4- 1 

[L(L + 1)(2L 2 + 2L + 1) + (L 2 + L - 1)(L 2 + L - 2 



15{L(L + 1)} 2 



xTr(a 3 L 3 ). (6.53) 
Thus, the sum fn is proportional to Tr(a 3 L 3 ): 

oo 

^/ n = CTr(a 3 L 3 ). (6.54) 

n=0 

In order to evaluate the value of C, we replace the index 3 by a general index i 
and sum over i. We then set = Lj. Then the r.h.s. of eq. (|6.54)) becomes 

CTr(a 3 L 3 )\ 3 ^ iiai ^ Li = CL(L + 1)(2L + 1). (6.55) 

On the other hand, from eq. (|6.49J) we obtain 

oo 

^ ^ /n|3— »i,<ij— >Zj 
n=0 
oo . 

E jr/r-uiu" + 1)Tr ' ' ' Tr ' ' ' LJ 

-Tr {L in+l L in ■ ■ ■ L h ) Tr • • ■ L in L in+1 ) 



L(L + l) { Trl} 2 -lnu TZirTTr {TK^)r 



4{L(L + 1)} 2 , (6.56) 
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where we have used the following identity 

™ + l)}" Tr ^ Lin+1 "' Li ^ Tr ^ ' ' ' Li - +1 
= lim 



i j , J i)T™ 2L + 1 ^ ^ r Km-^in+i ' ' ' L il Yi m L il ■ ■ ■ L in+ i] 

lm 

lim tt + 1) - + l)f 

L(L + 1). (6.57) 



From eas. (16341) . (1635]) . (16~57)J) . we find 



E/n = ^^Tr(^3). (6.58) 
Thus, from eq. ()6.49|) . we obtain 

^ = iMh Tr[a? - L3Y (6 - 59) 

In the remainder of this appendix, we treat I = part more carefully by 
introducing a regulator e and justify the above calculation. Eq. (j6.49j) becomes 

a 9 2L I oo ^ ^ 



«( 2L + 1 )^ m ti^ 2L ( L+1 )w+ 1 )r 

xTr (F^«3 [is, - t) n Y lm \) . (6.60) 
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Then, after replacing 3 by i (i is summed) and setting a, = L iy we have 

oo 

^ j /ra |3— n,a,— »£j 

L(L + l)Tr {Yl{L^Lf-eTY lm ) 



n=0 



-J— y I 



"Tr (Y^LfLfiLfLf - e) n Y lm ) 



(2L + 1) _ 



L(L + 1)(2L + 1) ; 



lim , 

n^oo + 1)} 

£ 

imn 



(2L + 1) 
= 4[L(L + 1)] 2 , 

which exactly agrees with ()6.56|) . 



L(L + 1)(2L + l) 3 - - 2L(L + 1)(2L + 1) 



(6.61) 



References 



[1] N. Seiberg and E. Witten, JHEP 9909, 032 (1999) |arXiv:hep-th/9908142 



[2] A. Connes, M. R. Douglas and A. Schwarz, JHEP 9802, 003 (1998) 
|arXiv:hep-th/9711162 . 



[3] H. Aoki, N. Ishibashi, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, Nucl. 
Phys. B 565, 176 (2000) |arXiv:hep-th/9908141 . 



[4] M. Li, Nucl. Phys. B 499, 149 (1997) arXiv:hep-th/9612222| . 

[5] D. Bigatti and L. Susskind, Phys. Rev. D 62, 066004 (2000) 
|arXiv:hep^th/9908056|; 



38 



N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Nucl. Phys. B 573, 573 
(2000) |arXiv:hep-th/9910004| ; 

S. Minwalla, M. Van Raamsdonk and N. Seiberg, JHEP 0002, 020 (2000) 
|arXiv:hep-th/9912072| ; 

S. Iso, H. Kawai and Y. Kitazawa, Nucl. Phys. B 576, 375 (2000) 
|arXiv:hep-th/000102"7| ; 

A. Matusis, L. Susskind and N. Toumbas, JHEP 0012, 002 (2000) 
|arXiv:hep-th/0002075| ; 

N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Nucl. Phys. B 583, 159 
(2000) |arXiv:hep-th/0004038| ; 

N. Seiberg, JHEP 0009, 003 (2000) |arXiv:hep-th/0008013 . 

[6] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, Nucl. Phys. B 498, 
467 (1997) | arXiv:hep-th/9612115 . 

For a review, see H. Aoki, S. Iso, H. Kawai, Y. Kitazawa, A. Tsuchiya and 
T. Tada, Prog. Theor. Phys. Suppl. 134, 47 (1999) | arXiv:hep-th/9908038| . 

[7] F. Ardalan and N. Sadooghi, Int. J. Mod. Phys. A 16, 3151 (2001) 
|arXiv:hep-th/0002143| . 

[8] J. M. Gracia-Bondia and C. P. Martin, Phys. Lett. B 479, 321 (2000) 
|arXiv:hep-th/0002i7l"| . 

[9] F. Ardalan and N. Sadooghi, Int. J. Mod. Phys. A 17, 123 (2002) 
|arXiv:hep-th/0009233| . 

[10] It was pointed out, however, that gauge invariant form of anomaly can be 
constructed in a perturbative expansion with respect to the noncommutative 
parameter 9. See, R. Banerjee and S. Ghosh, Phys. Lett. B 533, 162 (2002) 
|arXiv:hep-th/011017"7| . 



39 



[11] A. Armoni, E. Lopez and S. Theisen, JHEP 0206, 050 (2002) 
|arXiv:hep-th/0203165|. 



[12] T. Nakajima, |arXiv:hep-th/ 0205058 



[13] L. Bonora, M. Schnabl and A. Tomasiello, Phys. Lett. B 485, 311 (2000) 
|arXiv:hep-th/00022l"o| . 

[14] E. F. Moreno and F. A. Schaposnik, JHEP 0003, 032 (2000) 



|arXiv:hep-t h/0002236 1 . 
[15] E. F. Moreno and F. A. Schaposnik, Nucl. Phys. B 596, 439 (2001) 



|arXiv:hep-th/0008118| 



[16] C. P. Martin, J. Phys. A 34, 9037 (2001) |arXiv:hep- th/0008126|. 

[17] M. T. Grisaru and S. Penati, Phys. Lett. B 504, 89 (2001) 



|arXiv:hep^h /0010177|. 
[18] J. Nishimura and M. A. Vazquez-Mozo, JHEP 0108, 033 (2001) 



|arXiv:hep-th/0107110| . 
[19] L. Bonora and A. Sorin, Phys. Lett. B 521, 421 (2001) 



|arXiv:hep-th/0109204 



[20] C. P. Martin, Nucl. Phys. B 623, 150 (2002) |arXiv:hep-th7oTi"0 046 . 



[21] H. Grosse and P. Presnajder, arXiv:hep-th/9 805085 Lett. Math. Phys. 46, 
61 (1998); 



P. Presnajder, J. Math. Phys. 41, 2789 (2000) |arXiv:hep-th79912050 ; 



[22] A. P. Balachandran and S. Vaidya, Int. J. Mod. Phys. A 16, 17 (2001) 
|arXiv:hep-th/9910l"29|; 



[23] G. Immirzi and B. Ydri, |arXiv:hep-th/ 0203121 



40 



[24] L. H. Karsten and J. Smit, Nucl. Phys. B 183, 103 (1981). 

[25] H. B. Nielsen and M. Ninomiya, Nucl. Phys. B 185, 20 (1981) [Erratum-ibid. 
B 195, 541 (1982)]; ibid B 193, 173 (1981); Phys. Lett. B 105, 219 (1981). 

[26] S. Iso, Y. Kimura, K. Tanaka and K. Wakatsuki, Nucl. Phys. B 604, 121 
(2001) |arXiv:hep-th/0101102 . 



[27] H. Grosse and J. Madore, Phys. Lett. B 283, 218 (1992); 

H. Grosse and P. Presnajder, Lett. Math. Phys. 33, 171 (1995); 

H. Grosse, C. Klimcik and P. Presnajder, Commun. Math. Phys. 185, 155 
(1997) |arXiv:hep-th/9507074| ; |arXiv:hep-th/9603071 



[28] U. Carow-Watamura and S. Watamura, Commun. Math. Phys. 183, 365 
(1997) |arXiv:hep-th/9605003 . 



[29] A. P. Balachandran, T. R. Govindarajan and B. Ydri, Mod. Phys. Lett. A 
15, 1279 (2000) | arXiv:hep-th/9911087| ; |arXiv:hep-th/0006216| 

[30] C. S. Chu, J. Madore and H. Steinacker, JHEP 0108, 038 (2001) 
|arXiv:hep-th/0106205| ; 

[31] P. J. O'Donnell and B. Wong, Phys. Lett. B 138, 274 (1984). 

[32] H. Aoki, S. Iso and T. Suyama, Nucl. Phys. B634 (2002) 71 



|arXiv:hep^t h/0203277|. 
[33] For a review, see J. Harvey, arXiv:hep-th/0102076 



[34] H. Grosse, C. Klimcik and P. Presnajder, Commun. Math. Phys. 178, 507 
(1996) |arXiv:hep-th/9510083| ; 



S. Baez, A. P. Balachandran, B. Idri and S. Vaidya, Commun. Math. Phys. 
208, 787 (2000) ||arXiv:hep-th/9811169| ; 

G. Landi, J. Geom. Phys. 37, 47 (2001) |arXiv:math-ph/9905014 . 



41 



[35] P. H. Ginsparg and K. G. Wilson, Phys. Rev. D 25, 2649 (1982). 



D. B. Kaplan, Phys. Lett. B 288, 342 (1992) |arXiv:hep-lat/9206013| 



Y. Shamir, Nucl. Phys. B 406, 90 (1993) |arXiv:hep-l at/9303005 ; 

V. Furman and Y. Shamir, Nucl. Phys. B 439, 54 (1995) 



|arXiv:hep-la t /9405004 . 
[37] K. Nagao, Nucl. Phys. B 636, 264 (2002) |arXiv:hep-lat/0112030 



[38] H. Neuberger, Phys. Lett. B 417, 141 (1998) | |arXiv:hep-lat/9707022| ; 
Phys. Rev. D 57, 5417 (1998) |arXiv:hep-lat79710089 ; 



Phys. Lett. B 427, 353 (1998) |arXiv:hep-lat/9801031 



[39] M. Liischer, Phys. Lett. B 428, 342 (1998) |arXiv:hepda t/98020~TT|. 

[40] F. Niedermayer, Nucl. Phys. Proc. Suppl. 73, 105 (1999) 
|arXiv:hep-lat/98100"26| . 

[41] P. Hasenfratz, Nucl. Phys. Proc. Suppl. 63, 53 (1998) 



|arXiv:her>Ta t /9709lT0| ; 

P. Hasenfratz, V. Laliena and F. Niedermayer, Phys. Lett. B 427, 125 (1998) 
|arXiv:hep-lat /9801021] . 

[42] H. Aoki, S. Iso and K. Nagao, |arXiv:hep-th/0209223 



[43] K. Fujikawa, Phys. Rev. Lett. 42, 1195 (1979); Phys. Rev. D 21, 2848 (1980) 
[Erratum-ibid. D 22, 1499 (1980)]. 



42 



